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Review of Linear Algebra Operations
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SHE LOOKS
A LITTLE LIKE:

EXCUSE ME, ARE
YOU RENI YURINO?

Reiji Yurino was asked by

ol __ his karate sensei to tutor
S the sensei’s sister, Misa
Ichinose

Taken from: Takahashi S, Inoue |, Lindh F, Co T.
2012. The Manga Guide to Linear Algebra. No
Starch Press (Manga guide series).
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LINEAR ALGEBRA

WELL THEN, WHEN
WOULD YOU LIKE
TO START?

HOW ABOUT
RIGHT NOW?

YOU WERE HAVING
ALGEBRA?

YOUR BROTHER SAID THAT
TROUBLE WITH LINEAR

I DON'T REALLY
UNDERSTAND
THE CONCEPT
OF IT ALL...

CALCULATIONS
SEEM WAY OVER
MY HEAD.

Taken from: Takahashi S, Inoue |, Lindh l,lo T.

2012. The Manga Guide to Linear Algebra. No
Starch Press (Manga guide series).
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IT IS5 TRUE THAT \::-
LINEAR ALGEBRA 1}
IS A PRETTY B
ABSTRACT
SUBJECT,

~{ AND THERE ARE
it SOME HARD-
TO-UNDERSTAND
. CONCEPTS...

Taken from: Takahashi S, Inoue |, Lindh F, Co T.
2012. The Manga Guide to Linear Algebra. No
Starch Press (Manga guide series).




THE ¥
CALCULATIONS /[ |
AREN'T NEARLY

AS HARD AS
THEY LOOK!

AND ONCE YOU
UNDERSTAND
THE BASICS, THE
MATH BEHIND
IT 15 ACTUALLY
VERY SIMPLE.

/

/ /

I WOULDN'T SAY IT'S
MIDDLE SCHOOL LEVEL,
BUT IT'S NOT FAR OFF.

OH! WELL,
THAT'S A
RELIEF...

Taken from: Takahas

[, Lindh F, Co T. 20
Manga Guide to Li
Algebra. No Starch Pre

(Manga guide series).




FROM THREE TO | H FROMTWO TO K { FROM TWO TO THE
TWO DIMENSIONS | i/ | THREE DIMENSIONS | Niii) SAME TWO DIMENSIONS

E(>

BROADLY SPEAKING, LINEAR ALGEBRA
IS ABOUT TRANSLATING SOMETHING
RESIDING IN AN m-DIMENSIONAL SPACE
INTO A CORRESPONDING SHAPE IN AN
n-DIMENSIONAL SPACE.

Taken from: Takahashi S, Inoue |, Lindh F, Co T.
2012. The Manga Guide to Linear Algebra. No
Starch Press (Manga guide series).




Linear Algebra

o Branch of mathematics that deals with

Oy,
linear equations ) I

> Representation in vector spaces 8 .
> Representation in matrices . .

a ¥y

N




Typical application: solving
linear systems of equations
ajlr] + apr2 +a13x3 + -+ AINTN = b]

a1 + ax»rs + anrs + -+ aayey = bo

a3 Tl + azr2 + az3r3 + -+ aaNey = bg

ay11 + ayprs + apzrs + o+ aygNey = by

o N unknowns: X, j=1,2,...,N

o M equations

Known numbers:
o Coefficients a;, i=1,2,..,Mandj=1,2,...,N
° b,i=1,2,... M

o



Typical application: solving
linear systems of equations

ajzry + appes + aizesy + -+ avey = b
a w1 + axpx2 + aprz + -+ aaven = bo

a31r1 + apxrr + azzry + -+ agyey = bs
Aprf1T1 + AQpf2T2 + Apr33 + T AQYNTN = b“

(e]

Can be written in matrix form

A-x=Db




Matrix representation of
linear system of equations

A-x=Db

b/

A —

arl
al

a12 e .
a22 “ e

Matrix of coefficients, A

AN ]
AN

(a1 aM2 - AMN

Unknowns, x
column vector with
N entries

L]
L2

P4
|

TN

Right-hand side, b
column vector with

M entries
_ b1

b:
b=|?
by




Operations that we will
focus on in this course

o Matrix-matrix multiplication
o (Gaussian elimination

o Matrix inversion

Matrix decomposition




Matrix-Matrix Multiplication

(1 2 . Ix, +2x, 1y, +2y,

X
THE PRODUCT | 3 4 ‘xl y*J _|8x, +ax, 3y +4y,
s 6 2 Y | 5x, + 6x, 5y, + 6y,

CAN BE DERIVED BY TEMPORARILY SEPARATING THE

x
TWO COLUMNS ’xl] AND [yll, FORMING THE TWO PRODUCTS
1 {2 1x, + 2x, 1 2| . [ly, +2y,
X
3 41 ‘]: 3x,+4x,| AND |3 4 y‘}: 3y, + 4y,
X
5 6) 2 |[5x, +6x, 5 6) | By, + 6y,

AND THEN REJOINING THE RESULTING COLUMNS:

\

[1x, +2x, 1y, +2y,
3x, +4x, 3y, +4y,

| 5x, + 6x, by, + 6y,

J

Taken from: Takahashi S, Inoue |, Lindh F, C
2012. The Manga Guide to Linear Algebra.
Starch Press (Manga guide series).



AS YOU CAN SEE FROM THE EXAMPLE BELOW,
CHANGING THE ORDER OF FACTORS USUALLY
RESULTS IN A COMPLETELY DIFFERENT PRODUCT.

8 —3‘[3 1]_{8-3+(—3)-1 8-1+(—3)-2}_ 24 - 3 8—6‘-_[21 2]
2 1)1 2/ | 2-3+1-1 2-1+1-2) | 6+1 2+2) | 7 4
[3 1)8 —3] l3-8+1-2 3-(—3)+1-1] 24+2 -9+1 [26 —8]
1 9le 1) |1-8292-92 1T-E8a2-1) | 8+4% 8352 12 A

Taken from: Takahashi S, Inoue |, Lindh F, C
2012. The Manga Guide to Linear Algebra.
Starch Press (Manga guide series).




AND YOU HAVE
TO WATCH OUT. | 2 n
[an  Qr Am \[ Xu An e\ |
Qa Q2 ' QalffXa X - Ap| 2
\GQmi Cmz ~* Qmn\Xni Am Xrp) N

AN mxn MATRIX TIMES AN nxp MATRIX
YIELDS AN mxp MATRIX.

MATRICES CAN BE MULTIPLIED OALY |IF THE
NUMBER OF COLUMNS IN THE LEFT FACTOR
MATCHES THE NUMBER OF ROWS IN THE
RIGHT FACTOR.

-

Taken from: Takahashi S, Inoue I, Lindh F, (
2012. The Manga Guide to Linear Algebra.

Starch Press (Manga guide series).



Gaussian Elimination

CALCULATING INVERSE MATRICES || 7 THERE ARE TWO MAIN WAYS TO

] T CALCULATE AN INVERSE MATRIX:

USING COFACTORS OR USING
GAUSSIAN ELIMINATION.

o

,..

THE CALCULATIONS
INVOLVED IN THE
COFACTOR METHOD CAN
VERY EASILY BECOME
CUMBERSOME, SO...

IGNORE IT AS LONG AS
YOU'RE NOT EXPECTING
IT ON A TEST.

Taken from: Takahashi S, Inoue |, Lindh F, C
2012. The Manga Guide to Linear Algebra.
Starch Press (Manga guide series).



IN CONTRAST,
GAUSSIAN
ELIMINATION 15
EASY BOTH TO
UNDERSTAND
AND TO
CALCULATE.

IN FACT, ITS
AS EASY AS
SWEEPING THE

ANYWAY, I WON'T TALK
ABOUT COFACTORS AT
ALL TODAY.

/ ~

GOTCHA.

IN ADDITION TO
FINDING INVERSE
MATRICES, GAUSSIAN
ELIMINATION CAN ALSO
BE USED TO SOLVE
LINEAR SYSTEMS.

LET'S HAVE A
LOOK AT THAT.

* THE JAPANESE TERM FOR GAUSSIAN ELIMINATION 1S HAKIPASHIHOU, WHICH
ROUGHLY TRANSLATES TO "THE SWEEPING OUT METHOD! KEEP THIS IN MIND

AS YOU'RE READING THIS CHAPTER!

Taken from: Takahashi S, Inoue |, Lindh F, C
2012. The Manga Guide to Linear Algebra.
Starch Press (Manga guide series).



& PROBLEM

Solve the following linear system:

{3x1+1xz=1

8 soLuTioN

THE COMMON METHOD

3x, +1x,=1
lx, +2x,=0

Start by multiplying the top 1 2
equation by 2.

6x, +2x,=2
lx, +2x,=0

Subtract the bottom equation from i 2)
the top equation.

-

[+2]
=
[+2]

=
W
-

lx, +2x,=0
Multiply the bottom equation by 5. 1 2)
5x,+ 0x,=2
5x, + 10x, =0

{le+0x2:2

=
W

R

(32}
[
(= -]
=
W

]

Subtract the top equation from the
bottom equation.

o
X
(]
o
oﬁzoﬁwoﬁwwﬁmw
o

R

Ox, + 10x, = -2

Divide the top equation by 5 and
the bottom by 10. '.

2
1x, + Ox, = s [1 0]
Oxl+1x,=—l
§i 5

And we're done!

{5x,+ 0x,= 2

[
[=}
|
NN
.

o o
[
(=2 =]
=
5

[

<

=
o

\ P, Taken from: Takahashi S, Inoue |, Lindh F, C
1 2012. The Manga Guide to Linear Algebra.
o Starch Press (Manga guide series).
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1x, + Ox, = 3 ) 2
Ox, + 1x, = - % 2) i
And we're done! 5
50 YOU JTU:T i%é‘&ﬁféﬁ"g
REWRITE THE
EQUATIONS AS :;PE.T%FE%
MATRICES AND
CALCULATE AS 'fg'”\%g“ém:"
14
USUAL? VARIABLES,

Taken from: Takahashi S, Inoue |, Lindh F, C
2012. The Manga Guide to Linear Algebra.
Starch Press (Manga guide series).



Matrix Inversion

LET'S TRY TO FIND AN
INVERSE NEXT.

& PROBLEM

' S |
Find the inverse of the 2x2 matrix ‘ $ O ]

~

\
| e
O\ / =

THINK ABOUT IT
LIKE THIS.

Taken from: Takahashi S, Inoue |, Lindh F, C
2012. The Manga Guide to Linear Algebra.
Starch Press (Manga guide series).



3

We're trying to find the inverse of

We need to e xu\ that 3
find the matrix |, . satisfies | 4
21 22

5 1.2

or and that satisfy
x2l x22
2

We need to solve |3x,, +1x, =1 a
the systems 1x, +2x,, =0

1
2

1
2

|

|

}[ xll x12
le x2.2

3x,+1x,,=0

1x, +2x, =1

1 0
0%

AH RIGHT. |

Taken from: Takahashi S, Inoue |, Lindh F, C
2012. The Manga Guide to Linear Algebra.
Starch Press (Manga guide series).



0 soLuTioN

THE COMMON METHOD
THE COMMON METHOD EXPRESSED WITH MATRICES GAUSSIAN ELIMINATION
Sx, +1x, =1 8x, +1x,=0 {3 1) x, xu’_"l 0 i 1 o
1x,, + 2%, =0 1x, + 2%, =1 1 2%, Xy 0 1 1 2 0 1
Multiply the top equﬁion by 2. s s
6x;, + 2%, =9 6x,, + 2X,, = 0 ‘6 3, x"i— 2 0 6 2 2 o
1x, +2x, =0 Lx, +2x,=1 L2k %) (01 1 8 0 1)
Subtract the bottom equation from the top. ‘ ‘ ﬂ7
5x,, + 0x,, = 2 5x,, + 0x,, = -1 5 0|x, xu\_ 2 -1 5 0 2 -1
1x, + 2%, =0 1%, + 26, = 1 1 2x, Xp| (01 P 2 0 1
Multiply the bottom equation by 5. ‘ ‘
5x,, + Ox, =2 5x, + 0x,=-1 5 0|x, x, ‘ [ EE @ 5 0 2 -1
5x,, + 10x,, =0 5x,+10x,,= 5 B 10Jl %, X)" (0 B 5 10 0 5
Subtract the top equation from the bottom. A7
o i)
= "‘ Y ‘\a{;(ﬁ "
5X, + Ox, = 2 5X,, + 0Xp=-1 5 0)x, x,] (2-1 J (5 o 2 -1
0x,, + 10x,, = -2 0x,, + 10x,, = 6 010)x, X») |-2 6 g2 -2 @
Divide the top by 5 and the bottom by 10. '. ".
2 : 1 p I () 1 |
1 0, = _5: 1 ¥ = -g ‘ 1 0%, %a]_ ? - g 1 0 =
1 3 0l . 5 1 3
Ox +1x, =—= ox,+1x, = = | |21 Tma 2 i ey o
1 2 5 12 22 5 "5 B 0 1 5 5l

This is our inverse matrix; we're done!

Taken from: Takahashi S, Inoue |, Lindh F, C
2012. The Manga Guide to Linear Algebra.
Starch Press (Manga guide series).



THAT WAS A LOT
EASIER THAN I THOUGHT
IT WOULD BE...

50 THE INVERSE WE
WANT |5

Taken from: Takahashi S, Inoue |, Lindh F, C
2012. The Manga Guide to Linear Algebra.
Starch Press (Manga guide series).



LET'S MAKE SURE THAT THE PRODUCT OF THE
ORIGINAL AND CALCULATED MATRICES REALLY
I5 THE IDENTITY MATRIX.

The product of the original and inverse matrix is

bl

2

g Ay 2 .2 3-=+1- —l] 3-[—l ol 1 0
5 5 5 5 5 5|
1 3| 2 [# X 1 3|
1 o2)-5 o [1-g+2-| 5] 1-[ —|+2- 2] lo 1
The product of the inverse and original matrix is
2y e (B ) g-3+[—l]-1 2 1+(—lJ-2 1 0
5 5 = 5 5 5 L 5 ”
1 3 :' L] 3 [ 1] 3
=8 5 1 2 1”5 3+ 5 -1 5,'1+ 5 ), {0 1

IT SEEMS LIKE THEY BOTH BECOME THE
IDENTITY MATRIX...

THAT'S AN IMPORTANT POINT: THE ORDER OF

THE FACTORS DOESN'T MATTER. THE PRODUCT 5
ALWAYS THE IDENTITY MATRIX! REMEMBERING THIS
TEST IS VERY USEFUL. YOU SHOULD USE IT AS OFTEN
AS YOU CAN TO CHECK YOUR CALCULATIONS.

Taken from: Takahashi S, Inoue |, Lindh F, C
2012. The Manga Guide to Linear Algebra.
Starch Press (Manga guide series).




XY

BY THE WAY.. @@
<7

THE SYMBOL USED TO DENOTE INVERSE MATRICES
IS THE SAME AS ANY INVERSE IN MATHEMATICS, SO...

THE INVERSE OF IS WRITTEN AS

a a oes Q@ a a e @

MINUS ONE,
GOT IT.

Taken from: Takahashi S, Inoue |, Lindh F, C
2012. The Manga Guide to Linear Algebra.
Starch Press (Manga guide series).



Matrix Decomposition

Various types of decomposition.
Some examples:

o U decomposition
o QR decomposition




LU Decomposition Example
https://youtu.be/UgemQTirijg




Please review these
operations

o We will revisit these operations in the

y Q [/
succeeding weeks, so be sure you are

familiar with them again . . . .

a ¥y

N




